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Aerodynamic Computations for a Transonic Projectile at
Angle of Attack by Total Variation Diminishing Schemes

Herng Lin* and Ching-Chang Chiengf
National Tsing Hua University, Hsinchu, Taiwan, Republic of China

Several total variation diminishing (TVD) schemes and the Beam-Warming solution algorithm have been
incorporated in a computer code for solving three-dimensional time-dependent, Reynold's averaged Navier-
Stokes equations in generalized coordinates. A finite-volume fully implicit, approximately factored scheme is
employed with a time-step convergence acceleration. Transonic turbulent flows past a scant ogive cylinder boat
tail projectile at Mach numbers 0.94 and 0.97 including base flow region were studied. Conditions at 0- and
4-deg angle of attack were computed. Results of zero angle of attack showed that third-order TVD schemes gave
little improvements over the second-order TVD schemes. Van Leer's third-order MUSCL-type TVD scheme
yields somewhat better results and faster convergence than Chakravarthy's upwind-biased TVD scheme. The
convergence rate of the Beam-Warming scheme is similar to that of the second-order TVD schemes. The
Beam-Warming scheme gives comparative results over most of the projectile except regions of coarse grids
because the scheme is very sensitive to grid resolution. For angle-of-attack computations, Van Leer's third-order
MUSCL-type TVD scheme still gives better agreement with measurement.
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Subscripts
ij,k
/ ± V 4 , y ±

k ± Vi

Nomenclature
flux Jacobian matrix
speed of sound
pressure coefficient
projectile diameter
flux vectors in transformed coordinates
Jacobian
dimensionless length of the body, caliber
Mach number
Prandtl number
vector of dependent variables
right eigenvector matrix
Reynolds number; Rew = P^U^DD/^
time
contravariant velocities in transformed
coordinates
dimensionless axial, normal, and circum-
ferential velocity components
distance from projectile nose along the axis
of symmetry
axial, normal, and circumferential
coordinates
differential characteristic variable vector
ratio of specific heats
modified eigenvalues for upwind total vari-
ation diminishing (TVD)
small value for entropy correction function

v
oo

= laminar
= turbulent
= viscous
= freestream value

parameter for MUSCL-type TVD
scheme
viscosity
transformed coordinates
density
modified flux function for upwind and
symmetric TVD schemes

located on cell centroid

located at the cell interface
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Superscripts
n
T

= time step level
= transpose

7 = approximated numerical flux
? = any variable including metric terms

Introduction

N AVIER-STOKES computations of transonic flows have
been significantly advanced with the development of the

implicit, approximately factored method of Beam and Warm-
ing1 and subsequently by Pulliam and Steger.2 It was found
that the computational results by the Beam and Warming so-
lution algorithm3'4 can be very sensitive to a provided grid
network, particularly in the complex shock/boundary-layer
interaction regions. In recent years, total variation diminish-
ing (TVD) schemes and essentially nonoscillatory (ENO)
schemes have been developed to produce high resolution solu-
tions near shocks and contact discontinuities for a wide range
of multidimensional gas-dynamic problems such as the one-di-
mensional shock tube problem, compressible bjpundary-layer
flow, shock/boundary-layer interaction case,5 and flow past a
real projectile.3'4 Shiau and Hsu3 and Hsu et al.4 modified the
Beam and Warming scheme to TVD schemes by employing
more sophisticated dissipation terms and extended it to third-
order-accurate resolution. Their results for the turbulent flow
past a secant ogive cylinder boat-tail (SOCBT) projectile at
zero angle of attack3'4 indicated that TVD schemes could give
acceptable accurate results with a .rather coarse grid and save
CPU time over the original Beam and Warming scheme. The
aerodynamic computations for transonic projectiles at angle
of attack had been performed by the flux split method,5 sym-
metrical total variation diminished schemes,6 and Beam-
Warming scheme.7'8 Only surface pressure coefficients were
used for comparison with the experimental data in the cited
work (except Ref. 8), which gave little proof on the improve-
ment of the predictions for the shock/boundary-layer interac-
tion region.

In the present work, computer programs were developed for
solving two- and three-dimensional compressible Navier-
Stokes equations in general curvilinear coordinates consisting
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of options of various TVD schemes9'12 and the Beam-Warm-
ing scheme.1 These schemes are formulated in the finite-vol-
ume approach and incorporated in the computer programs for
the inviscid terms to enhance stability and accuracy. The im-
plicit algorithm is an approximately factored lower-upper
method based on the work of Steger and Warming.13 One
objective of this study was to investigate and compare the
effectiveness of these TVD schemes and the Beam-Warming
scheme in solving the Navier-Stokes equations. The computa-
tions correspond to the test conditions and the model configu-
rations given in Refs. 14 and 15. It was also noted that the
computation was performed for the. projectile with extended
boat tail in the work of Shiau and Hsu,6 whereas the projectile
with flat base is the model for the present study. The experi-
ment involves measurements of the surface pressure distribu-
tion and boundary-layer surveys on the afterbody of an ar-
tillery projectile based on a slightly modified version of the
U.S. Army's M549 (Fig. 1). The velocity profiles near shock
locations and expansion wave, as well as surface pressure
coefficients, are investigated in the shock/boundary-layer in-
teraction regions by different TVD schemes.

Governing Equations and Numerical Algorithm
Navier-Stokes Equations

The three-dimensional Reynolds-averaged Navier-Stokes-
equations, with the Boussinesq eddy- viscosity formulation,
are written in the conservative form for the generalized coordi-
nate system (£, 77, f)- The resulting equations in nondimen-
sional form can be expressed as follows:

(i)

where £, 17, and f are coordinates in the longitudinal, near
normal, and circumferential directions, respectively, r is the
time, and

Q = J-1[p*pu9pv,pw,e]T-

E = J ~ l [ p U , puU + $xp, pvU + {jp, pwU + £<p, U(e +p)]T

F = J~l[pV, puV + Tfc/?, pvV + niyp, pwK-'+ r^p, V(e + p)]T

Fv = (

Gv =

^F^ FV2, Fv3, Fv4, Fv5]r

l [Gvi , GV2, Gv3, Gv4, Gv5] T

T
17.7cm-

90.93 c m N \ L^u DIA-

Fig. 1 Geometry of secant ogive cylinder boat-tail projectile.

Fig. 2 105 X 50 hyperbolic O-type grid.

The diffusive coefficient /ieff consists of molecular and
turbulent parts (i.e., ^eff = M* + /^ ). The turbulent eddy viscos-
ity is modeled by the Baldwin and Lomax16 algebraic formula-
tion.

Numerical Algorithm
A finite- volume approach is used for discretizing the three-

dimensional governing equations, i.e., the numerical fluxes
are defined at cell interfaces and the dependent variables are
defined at the centroids. The finite difference formulation of
Eq. (1) can be formulated as

Ar?
)u+ Y2,k -(F-

K - (G (2)

where

(7 -

g2 =

£6 =

Ev4 = Tn£x 4- vy£y + T^, Ev5 = uEv2 +

= 7^ + 7^ + 7 ,̂ Fv4

], Gvl = 0, Gv2 = r^x

Gv5 = uGv2 + vGv3 + wGv4 + (7 - I)"1rc

g3 = fcCc + tyty + Jz

{zfz, gg = fx% + tyly

(7 -

+ T^I?Z, Fv5 = uFv2 +

, Gv3 = r^fx + r^
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When evaluating the numerical flux functions Ei±y2j>k, the
metrics are evaluated at / ± l / 2 9 j 9 k . Likewise, the metrics are
evaluated at ij±l/29k for FiJ±y2ik or ij,k ± l/i for
Gtj± l/2,k> In this study, TVD schemes are employed for three-
dimensional and two-dimensional computations. The expres-
sions of the numerical fluxes for the schemes adopted in the
present three-dimensional computations are described briefly
here (in the £ direction) and the details can be found in the
cited references. The numerical flux expressions for two-di-
mensional computations are given in Refs. 10 and 11 and are
not repeated in this paper.

Van Leer's Third-Order MUSCL-Type Total Variation
Diminishing Scheme9

The numerical flux can be written in terms of

(3)~ Rf + Vz J,k \ A I / + Vi J,k Otf + l/2,j,k]

where

i+ Y2j,k = Qtj,k + - Id -

Qf- y2j,k = Qij,k~ Id -

and where

(4)
+ + (1 + KS)(AQ)-]iJik

s =

AC = l/3 for third-order scheme

The normalized variables Qc and Qc are defined as

Qc = (Qu,k - Qi
Qc = (Qu,k - Q

where #1 and Soo are constants and are set equal to 0.05 and
2.0, respectively.

This modified limiter is third order, continuously differen-
tiate, and exhibits greater merit than Van Leer's original
smooth limiter [Eq. (4)] for the MUSCL procedure. For the
MUSCL procedure, if the interpolation of some cell-center
values is nonmonotonic, then the accuracy is expected to
reduce to first order and the nonphysical interpolative value
can be avoided. In this study, it is found that Van Leer's
smooth limiter still generates some nonphysical cell interface
values of dependent variable, if the variations of these node
values are nonmonotonic at some location. The limiter of Eqs.
(6) eliminates this problem and is chosen for the computation
of the case of the angle of attack. Because this limiter requires
more computer time than Van Leer's smooth limiter does, it is
only incorporated in the longitudinal direction.

Yee's Second-Order-Symmetric Total Variation
Diminishing Scheme12

The numerical flux function Ei+ y2jik is defined as

! J,k

where

l/2J,k =

y2jtk = minmod(a/_

= \z\

d2
l)/2dl \z\<dl

The Roe's average method17 is used to calculate the right-ei-
genvector matrix Ri+ y2j,k9 its inverse Rr+y2jfk, and the eigen-
values I X I / + 1/2 j, A;. The differential characteristic (Riemann)
variable matrix is defined as ai+ y2jtk -Ri~+ly2j,k(Q*+ y2j,k ~
Qf+ i/2j,k)- This scheme will display third-order accuracy in the
smooth region but is reduced to first-order accuracy near
shock or other extreme value regions.

For the case of angle of attack, a modified limiter by Ref . 18
is implemented for evaluating the interface state variable

'Qf+KM'^ Q*-Y2j,k as Van Leer's MUSCL-type TVD
scheme is employed; i.e.,

This scheme is a non-MUSCL-type second-order TVD
scheme and is also called a "modified flux scheme." The value
of di is set equal to 0.05 in the present computation. The
"minimod" function of a list of arguments is equal to the
smallest number in absolute value of the list of arguments is of
the same sign, or is equal to zero if any arguments are opposite
sign. The function ^r(z) is an entropy correction to z. Efj,k
and Ei+ij>fc are evaluated with metrics computed at / +
l/2,j9k. Ri+y2jik is the matrix of right eigenvectors of the
Jacobian matrix dE/dQ evaluated using Roe's averaged vari-
ables, and 0 is a vector that contains the first-order diffusion
and second-order correction times.

Qh V2j,k = Qij,k
Qf- V2j,k = Qu,k

(5)

where Q/ and Qf are normalized interface variables and
evaluated by the monotonic functions as follows:

for <0 (6a)

/ = (10 - (10 -

Beam and Warming Second-Order Scheme1

The numerical flux Ei+ y2j)k can be defined as

(8)

where Di+y2jtk is the dissipative flux. The coefficients of
A+ V2j,k can be used to turn on the second-order and turn off
the fourth-order difference terms near a shock. Di+V2jtk is
given as

for (6b) C l"

Qf = 1 + (Qc - DLGc - i + (3 - - i + ft)
for (6c) (9)
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where

lj>/+u.*-:
\Pi+ \jtk + 2pi,j,k + Pi- \J,k '

X2 s e2(12 + 8Moo)

€2 is chosen as 0.8 in the present study. Uis the contravariant
velocity (U = %xu + %yv + ?^w) and C is the local speed of
sound.

It must be noted that these schemes differ from the original
Beam-Warming scheme by using the finite volume approach,
and better convergence characteristics are expected.

Viscous Terms
The TVD schemes adopted in the present study are origi-

nally designed for the inviscid Euler equations. However, this
study is proposed to investigate the effectiveness of these
schemes for the viscous flow problem. Therefore, a second-or-
der-accurate, central differencing scheme is used for the vis-
cous term along with all TVD schemes adopted in the present
study.

Time Differencing
The implicit algorithm is basically a backward Euler time-

integration scheme that uses lower-upper approximate factor-
ization in delta form as suggested by Steger and Warming,13

i.e.,

d~B+

= [RHS of Eq. (2)]- (10)

where the splitting Jacobian matrices A+ ,A~9 B + , B~ , C + ,
and C~ are evaluated byjnodel matrices R%9 R^ and R^ and
diagonal matrices [\f], [X*], and [Xf ], i.e.,

(11)

and a similar form for B + , B ~ , C + , C ~ . [Xf ] , [X*] , and [Xf]
are diagonal matrices whose elements are all positive and all
negative eigenvalues.

Generally, to maintain the stability of the thin-layer viscous
term, the split Jacobian matrices A * (or B*, C±) are modi-
fied as follows19:

where

(RePr) (12)

These Jacobian matrices (A ±, B±
9 C*) are evaluated at cell

interfaces.
If one is interested in the steady-state solution only, then the

time step At can be allowed to change from location to loca-
tion. The use of space varying At can be interpreted as an
attempt to use a more uniform Courant number through the
flowfield. Changing At can be effective for grid spacings that
vary from very fine to very coarse. For subsonic and transonic
flows, a purely geometric variation A Ms adequate.20 The
formula for space varying time step A? in the finite-volume
discretization can be given as

Generation of the Computational Grid
Numerical results by the TVD schemes and the Beam-

Warming scheme are presented to illustrate the performance
and their convergence acceleration of the Navier-Stokes solver
of this study. One test problem is chosen as transonic turbu-
lent flows past a secant ogive cylinder boat-tail projectile. The
calculated results are compared with experimental data.14'15

The projectile model as shown in Fig. 1 has a 3-caliber secant
ogive part (or nose part) followed by a 2.3-caliber cylinder and
0.5-caliber 7-deg boat tail. In this study the computational
grid (O type) is established by using the hyperbolic solver.21

The outer boundary of the flow domain is about 18 calibers
from the projectile and an exponential stretching function
with minimum spacing of 0.00002 caliber from the solid
boundary in the hyperbolic grid generations, which provides
2-3 grid points in the viscous sublayer. Figure 2 shows the grid
system of 105 x 50 points. The boundary grid points are dis-
tributed as 1-23-50-89-105 for secant ogive, cylinder, boat tail,
and base region.

For the 4-deg angle-of-attack problem, the computational
grid system of 108 x 60 x 20 points is an O-type grid. The
three-dimensional O-type grid is established by rotating the
108 x 60 O-type planar grid about the axis of the projectile
from the azimuthal angle 0-180 deg at 19 nonconstant inter-
vals (i.e., 7-10 deg). Figure 3 shows the planar grid system of
108 x 60 points. The boundary grid points are distributed as
1-23-39-79-108 for secant ogive, cylinder, boat tail, and base
region.

Boundary Conditions
For a projectile of zero angle of attack, symmetry boundary

conditions are used at the first and the last £-grid lines for the
O-type grid network. The state variables and contravariant
velocities at these two symmetric lines are obtained by the
characteristic extrapolation from the interior control points.
The same extrapolating technique is applied at the far-field
inflow and outflow positions (i.e., 17 = i?max). The convergence
of the present Navier-Stokes solver is faster by this method
than by setting a constant of freestream value at the far-field
boundary. A no-slip boundary condition is adopted on the
projectile surface for velocities u and v. The density and
pressure on the wall are set to be equal to the values of node
points next to the wall. It is assumed that the normal momen-
tum equation suggested by Pulliam and Steger2 need not be
solved because the point of J - 2 is very close to the wall
compared to the grid space in the longitudinal direction.

For the three-dimensional case of the O-type grid network,
the boundary conditions in longitudinal £ and normal y direc-
tions are similar to those of the two-dimensional case and only
half of the projectiles are solved due to symmetry. The state
variables are obtained by first-order extrapolation and the
noflow condition (i.e., w = 0) is applied at the symmetric
plane.

Convergence Acceleration
The time step (AOref f°r tne first several time steps (say, m

steps) is a constant which is selected to be equal to 1.0 for the
0-deg angle of attack case and 6.7 for the 4-deg angle of attack
case. The L2 residual is calculated for each time step and is
taken as a reference value for extending the time step. After m
time steps, the time step (A?)ref is changed in every time step
and calculated by the formula

7;+1.0

1 + V7

where \\R\\$ is the L2 residual of the specific iteration, ||jR||f is
the L2 residual of the mth iteration, and Ta the proportional
factor which is chosen as 2 in this study. For the two-dimen-
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Fig. 3 108 X 60 hyperbolic O-type grid.
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Fig. 4 Surface pressure coefficient distributions by different schemes, Moo = 0.94, a = 0 deg.

sional case, m is selected as 80 and for three-dimensional case
m is 160.

Results and Discussion
0-Deg Angle of Attack

The four TVD schemes used for comparison in the case of
zero angle of attack are 1) Van Leer's third-order MUSCL-
type TVD scheme,9 2) Chakravarthy's third-order MUSCL-
type TVD scheme,10 3) Marten's second-order upwind TVD
scheme,11 and 4) Yee's second-order symmetric TVD
scheme.12

Surface Pressure Coefficient
The computed surface pressure coefficients along the pro-

jectile Cp for Mach numbers 0.94 and 0.97 are compared with

the experimental data14'15 as shown in Figs. 4 and 5, respec-
tively. For Mach number 0.94, the computed values by TVD
schemes agree with experimental data except at X/
L = 0.525-0.537. Speaking overall, all TVD schemes yield
very similar results except at the nose-cylinder junction and in
the boat tail near the base region. The symmetric TVD scheme
(second-order accurate) exhibits large difference at X/
X=0.63 and X/L = 1.0 where the static pressure rises
sharply. The figures show that the third-order schemes pro-
vide little improvement over the second-order schemes in this
problem. Harten's upwind scheme gives better agreement with
data than Yee's symmetric scheme, although both schemes are
second-order accurate. For Mach number 0.97 (Fig. 5), the
experimental data are only available at O.S-<X/L < 1.0 and
the comparisons of computational result by different TVD
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schemes are similar to the trends of Mach number 0.94. The
computed result by the symmetric TVD scheme is the worst
prediction among all schemes, especially near the end of the
boat tail. The nonsmoothness near X/L = 0.7 is caused by the
coarse grids distributed in this region.

Velocity Profile
The velocity profiles at various axial positions for Mach

numbers 0.94 and 0.97 are shown in Figs. 6 and 7, respectively.
For a Mach number of 0.94, the four TVD schemes exhibit
excellent agreement with experimental data at stations X/L =
0.902, 0.946, and 0.989, but overestimate the velocity magni-
tude at X/L = 0.967. The discrepancy at this station (X/
L = 0.967) may be caused by the difficulty of measurement8
near the shock wave (referred to the Mach number contours
shown in Fig. 8). The disagreement at X/L = 0.924 is related
to errors in the reduced measurement data, and the details
were discussed in Ref. 10. For the station X/L = 0.989, three
of the four schemes yield very good predictions of the velocity
profile and overestimation is observed by the symmetric TVD

scheme, the trends can also be implied by the surface pressure
coefficient at these axial locations by Fig. 4. It is noted that
Van Leer's MUSCL-type and Chakravarthy's MUSCL-type
schemes are third-order accurate, and Marten's upwind
scheme and Yee's symmetric scheme are second-order accu-
rate. It is found that the symmetric TVD scheme is more easily
reduced to a lower-order-accurate scheme near the shock loca-
tion than the upwind TVD scheme, which is obtained by
examining the modified numerical fluxes of dependent vari-
ables. Therefore, Yee's symmetric TVD scheme yields the
worst surface pressure coefficient and velocity profiles among
these four schemes for positions near the shock wave. The
third-order schemes offer very small improvement on the pre-
diction of velocity profiles over second-order schemes. For
Mach number 0.97 (Fig. 7), all four schemes show excellent
agreement with measurement results at stations X/L =0.87,
0.946, and 0.967 but yield different predictions at the stations
X/L = 0.924 and 0.989. The shock wave location (which can
be seen from the Mach number contours of Fig. 9) is close to
the corner of the boat tail and base, near X/L = 0.989; there-
fore some discrepancies between measurement and computa-

X-0.924 X-0.946 X-0.967 X-0.989

200 200 300200 150 100 200
Velocity! m/s; M=0.94)

: —— Van Leer(MUSCL-type) ----- Beam & Warming
——— Chakravarthy(MUSCL-type) - - - - - Harten(Upwind)
— - — Yee(Symmetric) O Exp.[Danberg]

Fig. 5 Surface pressure coefficient distributions by different schemes, M<» = 0.97, a = 0 deg.

36

0

X-0.870 X=0.924 X-0.946
O

X=0.967 X=0.989
O

200 200 300200 150 100 200
Velocity(m/s; M=0.97)

—— Van Leer(MUSCL-type) ------ Beam & Warming
——— Chakravarthy( MUSCL-type) ----- Harten(Upwind)
—— Yee(Symmetric) O Exp.[Danberg]

Fig. 6 Velocity profiles at various axial station, Moo = 0.94, a = 0 deg.
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Mach number
M=0.94, Alpha
105x50 0-type

contour
0 de
grid

Fig. 7 Velocity profiles at various axial stations, Af«> = 0.97,
a = 0deg.

Mach number contour
M=0.97, Alphk=0 d
105x50 0-tydie gri

Fig. 8 Mach number contour, M» - 0.94, a = 0 deg.

tion are found only at this station. Figures 5 and 7 also
indicate that Yee's symmetric TVD scheme gives the worst
agreement among the four TVD schemes.
Iteration History

The iteration histories for the four TVD schemes are plotted
in Figs. 10 and 11. It is found that the convergent rate of Yee's
symmetric TVD scheme is the fastest although a very small
magnitude oscillation after iteration number 700 is observed
for Mach number 0.94. The fast convergence is expected be-
cause it is a lower-order-accurate scheme. The convergent rate
by Chakravarthy's scheme is the slowest and the residual
cannot be further reduced after 520 iterations. The iteration
histories of Van Leer's MUSCL-type scheme and Marten's
scheme are very close for Mach number 0.94 before iteration
number 600 but the residual by Van Leer's scheme goes up

again after the residual is already reduced to 10~7. Figure 11
shows that the iteration histories are slightly different for
Mach number 0.97 and 0.94. Yee's symmetric scheme experi-
ences the fastest convergence among the four schemes.
Harten's upwind and Van Leer's MUSCL-type TVD schemes
yield close iteration histories for Mach number 0.97. It is also
noted that the present program exhibits better convergence
than previous work, i.e., the L2 residual can be reduced to six
order in the present work, less than three orders lower than in
previous work.22

Comparisons Between TVD and Beam- Warming Schemes
The Beam-Warming scheme is also implemented in the com-

puter program as an option and comparisons with other TVD
schemes are studied. The computations are performed by the
same computational grid and same program by Beam-Warm-
ing numerical flux [Eq. (8)]. Figure 4 shows that the Beam-
Warming scheme yields good agreement with experimental
data and TVD schemes at 0.750 <X/L < 0.967, poor agree-
ment at the nose-cylinder junction, and computational results
with Yee's symmetric scheme. The coarse grids at the nose-
cylinder junction give very poor results by the Beam-Warming
scheme but satisfactory results by the TVD schemes. It is
confirmed that results obtained using the Beam-Warming
scheme are sensitive to the coarse grid. The predicted velocities
by the Beam-Warming scheme are somewhat lower than that
by the TVD schemes at all stations except at X/L = 0.989,
which is the closest station to the base corner for Mach num-
bers 0.94 and 0.97 (Figs. 6 and 7). The convergence rate by this
scheme is comparable with TVD second-order schemes (Figs.
10 and 11).

CPU Time
The two-dimensional computations were performed on the

CRAY XMP-14 computer. The 105 x 50 grid required 0.3 x
106 words of memory storage. Table 1 shows the CPU time for
the five schemes. This table indicates that the CPU time per
iteration per grid point by the Beam-Warming scheme is the
shortest in the present formulation, but it is only 3% shorter

-3

-5

cd

CD

M=0.94, Alpha=0 deg
105X50 0-type grid

Van Leer(MUSCL)
—•---- Chakravarthy

Harten
—— Yee( Symmetric)
—— Beam & Warming

-9
500

Iteration step
Fig. 9 Mach number contour, Moo = 0.97, a = 0 deg

1000
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than that of Van Leer. The CPU time per iteration per grid
point for the Chakravarthy's MUSCL-type scheme is the
longest among four TVD schemes.

4-Deg Angle of Attack
There are only two TVD schemes used for comparison to

save CPU time for the case of angle of attack: Van Leer's
third-order MUSCL-type TVD scheme9 and Yee's second-or-
der symmetric TVD scheme.12

Effect of Different Grids
It is desirable to perform the numerical experiments to

investigate the grid sensitivity. Grid systems of 128 x 60 x 20,
108 x 72 x 20, and 108 x 60 x 26 are employed for the verifi-
cation of the grid independence in the longitudinal, normal,
and circumferential directions, respectively. The 128 x 60
X 20 grid has 20 more points inserted on the boat tail
(5.297 <X/D < 5.801) in the longitudinal direction than the
108 x 60 x 20 grid. The 108 x 60 x 26 grid has 6 more points
inserted in the circumferential direction than the 108 x 72
x 20 grid. There are 12 more points inserted in the radial
direction in the 108 x 72 x 20 grid than in the 108 x 60 x 20
grid. It is found that the computed surface pressure coeffi-

-3

,—

-5

Cti

w
0)

-7

-9

M=0.97, Alpha=0 deg
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Table 1 Computation time for two-dimensional problem

Scheme CPU s/step/grid point x 10~4

Van Leer's MUSCL
Chakravarthy's MUSCL
Harten
Yee's symmetry
Beam-Warming

0.708
0.755
0.734
0.707
0.684

cients and velocity profiles agree with each other within a
maximum 2% difference for these four grids if Van Leer's
third-order MUSCL-type TVD scheme is applied. Therefore,
the 108 x 60 x 20 grid is chosen as the standard grid system
for computations at 4-deg angle of attack.

Comparisons of Different Schemes
Surface pressure coefficient. Figure 12 shows the com-

puted pressure coefficients vs data from Nietubicz et al.14 and

Miller and Molnar15 employing different schemes for Mach
number 0.94 and 4-deg angle of attack. Experimental data of
Ref. 15 are available over the entire body and are generally
consistent with the data of Ref. 14 in the vicinity of the
afterbody. It can be seen that the pressure rise on the boat tail
in Ref. 15 is delayed relative to that of Ref. 14, indicating a
somewhat more downstream shock position. For Mach num-
ber 0,94, the computed results by the two TVD schemes essen-
tially agree with Ref. 15 everywhere except near the base
corner on the leeside (<£ = 0 deg) and at the nose-cylinder
junction on the windside (<t> = 180 deg). The symmetric TVD
scheme exhibits larger differences at these regions than does
the MUSCL-type scheme does. The Beam-Warming scheme
yields poor agreement with Ref. 15 data at 0.55 < X/
L < 0.85 but exhibits desirable pressure rise on the boat tail
(0.91 < X/L < 1.0). It is noted that the longitudinal grid
distributions are very coarse at 0.5 < X/L < 0.85 and fine at
0.91 < X/L < 1.0. Also, Fig. 12 shows that the results are
more sensitive to grid spacings in the Beam-Warming scheme

M=0.94, Alpha=4 de-gs
oR _ _ phi=0 deg (]eeside) _
M X=0.870 X=0.902 X=0.924 X=0.946 X=0.967 X=0.989

_
X=0.870 X=0.902 X-0.924 X=0.946 X=0.967 X=0.989

0

36 Phi=180 deg_s (windsj.de)
X=0.870 X=0.902 X=0.924 X=0.946 X=0.967 X=0.989

200 200 200 300200 200 150 100
Velocity (m/s)

O Exp.[Danberg] —— Van Leer(MUSCL)
—— Yee(Symmetric) —— Beam & Warming

Fig. 14 Velocity profiles at various axial station, Moo = 0.94, a = 4 deg.
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than in the TVD schemes as discussed for zero angle of attack.
All schemes cannot accurately predict the pressure value at
0.97 < X/L < 1.0 on the leeside, but Van Leer's third-order
scheme gives better results than other two schemes in this
region. For Mach number 0.97 (Fig. 6), the data of Ref. 14 are
only available at 0.8 < X/L < 1.0 and the comparisons of
computational results by different TVD schemes are similar to
the trends of Mach riuiiiber 0*94. The computed results of the
two TVD schemes are very close except for small differences
observed in the regions near the base corner on the leeside. All
schemes predict pressure coefficients lower than those in Ref.
15, and the Beam-Warming scheme gives slightly higher pres-
sure than do the two TVD schemes on the boat tail region.

Velocity profile. For Mach number 6.94 (Fig. 14), experi-
mental data for velocity profiles at axial stations of X/L
= 0.870, 0.902, 0.924, 0.946, 0.967, 0.989 can be used for
comparison. It can be seen that two TVD schemes exhibit
excellent agreement with experimental data at stations X/L =
0.870, 0.902, and 0.946, but overestimate the velocity magni-
tude at X/L =0.967 and 0.989. the discrepancy at stations

= 0.924 and 0.967 can be explained by the same reasons
.̂s for the case of zero angle of attack; i.e., these stations are

located near the expansion fan regions and shock (Fig. 18).
For the station X/L = 0.989, Van Leer's third-order scheme
yields very good predictions of the velocity profile. The over-
estimation and underestimation are observed by the symmetric
TVD and the Beam-Warming schemes. The predicted veloci-
ties by the Beam-Warming scheme are somewhat lower than
those by the TVD schemes at all stations and all three az-
imuthal angles (i.e., 0 = 0, 90, and 180 deg). For Mach num-
ber 0.97 (Fig. 15), only data from five stations are available.
All TVD schemes yield excellent agreement with measure-
iiients at stations X/L =0.870, 0.946, and 0.967 but yield
different predictions at stations X/L = 0.924 and 0.989. The
predicted velocities by the Beam-Warming scheme are lower
than those by the two TVD schemes and experimental data of
Stef. 14.

Iteration history. The iteration histories for the three
Schemes are plotted in Figs. 16 and 17. For Mach number
O.94, it is found that the convergent rate by Yee's symmetric
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TVD scheme is the fastest and the residuals can be reduced
four orders of magnitude at 1600 iterations. The Beam-Warm-
ing scheme converges faster than the third-order MUSCL-type
TVD scheme and the residuals can be reduced three orders
after 1600 iterations. Van Leer's third-order scheme exhibit
larger oscillations than the other two schemes and the residu-
als cannot be reduced over three orders at 1600 iterations. If
the third-order scheme is applied, the pressure coefficients
near the base region on the leeside are apparently not changed
after 2600 iterations. For Mach number 0.97, the comparisons
of the convergence of the three schemes are similar to those
for Mach number 0.94. A faster convergence rate can be
obtained for Mach number 0.97 than for Mach number 0.94
for all schemes, and the steady solutions by third-order
schemes can be achieved after 2000 iterations.

Mach number conto
M=0.-94, Alpha=4 defgs
108x60x20 d-type /grid

Fig. 18 Mach number contour, Moo = 0.94, a = 4 deg.

Mach number co
M=0..97, Albha=4
108x60x20 \)-

Fig. 17 Iteration histories by different schemes, Moo = 6.97,
a = 4 deg. Fig. 19 Mach number contour, Moo = 0.97, a = 4 deg.
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Table 2 Computation time for three-dimensional problem

Scheme CPU s/step/grid point x 10 ~4

Van Leer's MUSCL
Yee's symmetry
Beam-Warming

1.123
1.066
1.034

Mach number contour. Figures 18 and 19 show the Mach
number contours of the projectile for the case of 4-deg angle
of attack and Mach numbers of 0.94 and 0.97. These figures
show the expansions at the ogive-cylinder and cylinder-boat-
tail corners. These figures also indicate the presence of shock
waves on the cylinder as well as on the boat tail at transonic
speeds. Sharp shocks are observed on the boat tail. These boat
tail shocks are shown to be longitudinally asymmetric due to
the influence of angle of attack. The asymmetry can also be
seen in the wave flow behind the base. As the Mach number is
increased from 0.94 to 0.97, the shocks become stronger and
move toward the base of the projectile.

CPU time. The three-dimensional computations were per-
formed on the CRAY XMP-14 computer. A total of 2.3 x
106 words of memory were required for the 108x60x20
grid. The CPU time for the three schemes is given in Table 2.
It is found that all CPU times per iteration per grid point for
the three-dimensional problem are approximately 40% longer
than for the two-dimensional problem. The Beam-Warming
scheme requires less computer time than do the TVD schemes.
The CPU time per iteration per grid point of Van Leer's
third-order MUSCL-type TVD scheme is somewhat longer
than that by Yee's second-order symmetry TVD scheme.

Conclusions
A time-dependent two- and three-dimensional Navier-

Stokes computer code that incorporated several TVD and
Beam-Warming schemes has been developed. Transonic tur-
bulent flows past a real projectile at 0- and 4-deg angle of
attack have been computed using O-type grids. Predicted sur-
face pressure distributions and velocity profiles on a boat-tail
afterbody agree reasonably well with test data at Mach 0.94
and 0.97. It was found that results using third-order TVD
schemes provided slightly better agreement with experimental
data than that obtained from second-order TVD schemes.
However, slow convergence was observed for higher-order
schemes as seen from their iteration histories. In addition, the
results using TVD schemes showed general improvements in
the shock/boundary-layer interaction region over the basic
Beam-Warming method with fixed grid.
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